We study the geodesic motion of massless test particles in the background of a magnetic charged 
I. INTRODUCTION
Black holes (BHs) arising in Einstein's General Relativity (GR) are one of the most fascinating objects in the universe [1] . GR has developed into an essential tool in modern astrophysics which provides the foundation for the current understanding of BHs. The most general spherically symmetric, vacuum solution of the Einstein field equations in GR is the well known Schwarzschild black hole (SBH) spacetime [1, 2] . Further, a static solution to the Einstein-Maxwell field equations, which corresponds to the gravitational field of a charged, non-rotating, spherically symmetric body is the Reissner-Nordström spacetime [1, 2] . The study of charged BHs may helpful to understand more general spacetimes with sources immersed into spherically symmetric matter backgrounds [3] . Next, Kerr black hole spacetime is a rotating generalization of the SBH spacetime and the Kerr-Newman BH spacetime which is a solution of Einstein-Maxwell equations in GR, describes the spacetime geometry in the region surrounding a charged rotating mass [4, 5] .
In addition to the abovementioned BH spacetimes those arise in GR, there are BH spacetime solutions in various alternative theories of gravity viz. scalar-tensor theory [6] , string theory [7] and loop quantum gravity [8] etc.. In particular, the string theory is an important candidate for unifying gravity with other three fundamental forces in nature and therefore BH spacetimes emerging in the string theory are of much interest as they may provide much deeper insight into the various properties of BH spacetimes than the BH spacetimes in GR [9, 10] . Lower dimensional charged dilaton BH has a connection to the lower dimensional string theory and hence it might act as a tool to study lower dimensional string theory [9] [10] [11] [12] .
The study of geodesic structure of massless particles in a given BH spacetime is one of the important ways to understand the gravitational field around a BH spactime. The geodesic motion around various BH spacetimes in diverse contexts (for timelike as well as null geodesics), both in GR and string theory, are studied widely time and again .
The primary aim of the present work is to study the null geodesics in a four dimensional spherically symmetric BH spacetime with magnetic charge, obtained from the low energy effective action in string theory [37, 38] . The circular timelike and null geodesics in equatorial plane are discussed with some new results recently [39] . Also the unstable circular orbit of photons for electrically charged black hole (ECBH) in string frame is already discussed [14] . Other than the circular orbit, we are also interested in all other kind of possible orbits depending upon the value of the impact parameter. This paper is organised as follows. A brief introduction to the spacetime considered is presented in the next section. We solve the geodesic equations for null geodesics for magnetically charged black hole (MCBH) spacetime and discuss the effective potential for BH parameters in section III. We also analyze the photon orbits and then compare the results with the ECBH and SBH. As one of the measurable effect of GR, we have also calculated the frequency shift for the MCBH. Finally, in the last section, we have summarized our results with future possibilities.
II. MAGNETICALLY CHARGED BLACK HOLE SPACETIME IN STRING THE-

ORY
In 3 + 1 dimensions, Garfinkle, Horowitz and Strominger [38] have obtained asymptotically flat solutions representing the BHs in dilaton-Maxwell gravity. Such solutions as a specific feature, represent the electric and dual magnetic BHs [38] . The metric for the MCBH can be deduced from the ECBH by an electromagnetic duality transformation and is given as,
where Q is the magnetic charge and m is the mass of the BH while dΩ 2 = dθ 2 + sin 2 θdφ 2 represents a metric on a two dimensional unit sphere. Event horizon of the BH is situated at r = 2m and the singularity occurs at r = Q 2 m
. The metric for the (corresponding) ECBH is given as,
where m is the mass of BH and α is a parameter related to the electric charge. The position of event horizon is at r = 2m and curvature singularity occurs at r = 0. One important feature to note is that the string coupling is strong near singularity for the MCBH while it is weak for the ECBH [38] . The spacetime geometry of these dual BH solutions are causally similar to Schwarzschild geometry. In the respective limits of Q = 0 and α = 0, the abovementioned spacetimes reduce to the SBH spacetime.
III. NULL GEODESICS FOR MAGNETICALLY CHARGED BLACK HOLE
In this section, we study the radial and non radial null geodesics alongwith the possible orbit structure for spacetime given by eq.(1) in the equatorial plane (i.e. θ = π/2). The geodesic equations and constraints for null geodesics are given as,ẍ a + Γ a bcẋ bẋc = 0 and g abẋ aẋb = 0 respectively [33] (where dot denotes the differentiation with respect to an affine parameter). Now using the geodesic equations their first integrals can be expressed as,
The constraint on null geodesics for the line element given by eq.(1) reads as,
Further using equation (4) and equation (5), the radial velocity in the equatorial plane is given as,ṙ
where D = L/E is the impact parameter [1, 2] . Hence the effective potential for null geodesics is defined as,
In case of null geodesics, the impact parameter plays a similar role as that of the energy of the incoming test particle in case of timelike geodesics [1] . Hence, the types of orbit for massless test particles (i.e. photons) depend on their impact parameter.
III.1. Radial null geodesics
The radial geodesic corresponds to the trajectory for incoming photon with zero angular momentum (i.e. L = 0). For radial null geodesics the effective potential given in eq. (7) leads to,
and the radial velocity given in eq. (6) reduces to,
In order to obtain the coordinate time t as a function of radial distance r, we divide eq. (4) by eq. (9)which leads to,
On integrating eq. (10),
In the limit r −→ 2m, t −→ −∞. Similarly the proper time τ can be obtained as a function of radial distance r and on integrating the eq. (9), 
III.2. Geodesics with angular momentum
Now, let us discuss the null geodesics with angular momentum (i.e. L = 0). The effective potential for non-radial null geodesics is given by, In order to study the nature of the effective potential for null geodesics, we have considered a specific set of parameters as depicted in Table I alongwith the different conditions for the impact parameter. D c is the value of impact parameter corresponding to the unstable circular photon orbit. 
as mentioned in Table I , where r H represents the position of the event horizon. Table I . r H is the position of the event horizon.
The variation of effective potential is presented in fig.(2 Table I , where r H denotes the event horizon. From the representative plots of the effective potential presented in fig.(5) , one can observe the shift of the potential energy curve for MCBH and ECBH from the corresponding curve for SBH, with different conditions of impact parameter.
III.3. Analysis of photon orbits
To analyse the angular motion of photons, the corresponding orbit equation can be obtained by eliminating parameter τ from eqn.(6) and eqn. (4) as,
which can be recast as,
where
In order to investigate the nature of orbits, we use a variable as u = 1 r , so the eq. (15) leads
where f (u) is given as,
The null geodesics depends on the roots of the equation f (u) = 0 [2, 15] . All the possible orbits for null geodesics in view of the different values of impact parameter D can now be discussed accordingly.
Using the condition for circular orbit [15] ,
along with V ′ ef f = 0 1 , one can obtain the radius of the circular orbit as,
A stable (unstable) circular orbit requires V ′′ (r) > 0(< 0), which corresponds to minimum (maximum) of the effective potential. Therefore the radius of unstable circular orbit (r c ) occurs at,
Since with Q → 0, the MCBH reduce to the SBH and the corresponding value of r c given in eq.(20) also reduces to 3m which is the exact value of the radius of unstable circular orbit for SBH. Here, r c is independent of the parameters E and L. For circular orbits, the impact parameter is given as,
Again as Q → 0, D 2 c = 27m 2 , which is the value of impact parameter for Schwarzschild BH [2] . Similarly the impact parameter for circular orbits for ECBH given in eqn. (2) is given as,
Now f (u) given in eq. (17) has a real root at u 4 = m/Q 2 and hence it can also be written as,
The roots of g(u) are related as,
The circular orbit exists when f (u) has a real doubly degenerate root (u 2 = u 3 = u c ) and
The trajectory of a photon with D = D c is presented in fig.(6) . The orbit equation given in eq. (16) is integrated by using eq. (25) . Hence, the analytic solution for the circular orbit reads as,
where ,
With initial condition u = 0, φ = 0, the constant of integration φ 0 is given as, fig.(5a) .
The Time Period:
The time period for unstable circular orbit can be calculated for proper time as well as coordinate time with φ = 2 π [14] . For MCBH, on integrating eq.(4) for one complete time period,
represents the time period in proper time while dividing eq. (4) with eq.(4) and integrating for one complete time period,
represents the time period in coordinate time. The corresponding expressions for ECBH are,
and
In the limits Q → 0 and α → 0, the expressions for orbital time periods in proper time (
T τ and T τ,E ) and coordinate time ( T t and T t,E ) reduce exactly to that for the SBH i.e,
and T t,S = 3 √ 3m. Frequency Shift:
Here, as one of the optical phenomenon, we calculate the combined gravitational and Doppler frequency shift for MCBH in the equatorial plane. The Keplerian angular frequency of the circular geodesics relative to distant observers is given by,
Using eq.(4) in eq. (33), we obtain,
shift for MCBH is given by,
The frequency shift depends on the charge parameter of the BH. As the frequency shift increases, the observed frequency of the photon decreases which gives an equivalent increase in the corresponding wavelength of the photon. Hence for positive frequency shifts, the photon is redshifted. Again stronger is the gravitational field of the gravitating source, larger will be the energy loss by the incoming photon and larger will be the observed redshhift. The Cone of Avoidance:
If now a point source at a given distance r of the centre emits light isotropically into all directions, a part of the light will be captured by the BH, while another part can escape. It is clear that the critical orbits are at the limit of infall or escape. These orbits define a cone with half opening angle Ψ. The cone of avoidance is defined by null rays being its generator, described by the eq. (26), passing through that point [2, 17] . If Ψ denotes the half angle of the cone then,
wherer is the proper length along the generators of the cone,
Now, using eq. (16) and eq. (37) in eq. (36),
When u → u c (r → r c ), Ψ → 
eq. (16), which on integration yields,
where, 
IV. DISCUSSION AND CONCLUSION
In this article, we have investigated the geodesic motion for null geodesics in the background of a MCBH arising in string theory and some of the important results obtained are summarised below.
• The nature of effective potential for MCBH is qualitatively similar to that of SBH and ECBH. But, as the impact parameter for the incoming photon changes w.r.t.
the corresponding value for the unstable circular orbit, the attractive nature of the effective potential changes accordingly. This change in the nature of effective potential manifests in the corresponding orbit structure also.
• The different types of orbits (such as unstable circular orbit, fly-by orbit, terminating escape orbit, bound orbit) are present for the incoming photons, corresponding to the value for the impact parameter. No stable circular orbits are present for the null geodesics.
• The gravitational field of MCBH is found to be more attractive in nature than SBH and ECBH, for the incoming photons with D = D c . This effect is manifested in the results of the radius of unstable circular orbit, time period for proper time as well as coordinate time and frequency shift for null geodesics.
• The attractive nature of gravitational field of MCBH strengthens as the magnetic charge increases while for ECBH it weakens as electric charge increases. Interestingly as the impact parameter differs from D c , the gravitational field of MCBH becomes more repulsive than SBH and ECBH.
• Cone of avoidance for large distances is found to depend on the respective charges of MCBH and ECBH. At larger distances, the cone is narrow and therefore most of the photons can escape from there.
We believe that the result obtained herewith would be useful in the study of gravitational lensing around the charged BHs in the string theory and we intend to report on this issue in near future.
